Abstract. In the case of finite groups, a separating algebra is a subalgebra of the ring of invariants which separates the orbits. Although separating algebras are often better behaved than the ring of invariants, we show that many of the criteria which imply the ring of invariants is non Cohen-Macaulay actually imply that no graded separating algebra is Cohen-Macaulay. For example, we show that, over a field of positive characteristic p, given sufficiently many copies of a faithful modular representation, no graded separating algebra is Cohen-Macaulay. Furthermore, we show that, for a p-group, the existence of a Cohen-Macaulay graded separating algebra implies the group is generated by bireflections. Additionally, we give an example which shows that Cohen-Macaulay separating algebras can occur when the ring of invariants is not Cohen-Macaulay.
Introduction
Let G be a finite group, and let V be a finite dimensional representation of G over a field k of characteristic p ≥ 0. We say V is a modular representation if p divides |G|. We write k[V ] for the symmetric algebra S(V * ) on the vector space dual of V . It is a polynomial ring with the standard grading. The action of G on V induces an action on k[V ]: for f ∈ V * and v ∈ V , the action of σ ∈ G is given by (σ · f )(v) = f (σ −1 · v). The ring of invariants, denoted k[V ] G , is the ring formed by the elements of k[V ] fixed by G. Since the group action preserves degree, k [V ] G is a graded subalgebra of k[V ]. Let k be an algebraic closure of the field k, and let V = k ⊗ k V . As
can be considered as a function V → k. The action of G on V extends to an action of G on V , and so
By definition, elements of k[V ]
G are constant on G-orbits. Accordingly, if an invariant f takes distinct values on elements u, v ∈ V , then these elements belong to distinct orbits, and we say f separates u and v. A geometric separating set is then a set of invariants which separates exactly the same points of V as the whole ring of invariants. As G is finite, the ring of invariants separates orbits in V [11, Lemma 2.1].
Date: August 12, 2009. the extended proof in [27] ). A variation of the same argument first appeared in [19, Theorem 6] . For f ∈ k [V ] G and k arbitrary, we have that f p m ∈ k ⊗ k A for some m. The stability of the rank of matrices under field extensions implies f p m ∈ A. 2 Remark 1.3. Propositions 1.1 and 1.2 hold for rational representations of reductive groups.
Kemper [24] exploited this close relationship to compute the invariants of reductive groups in positive characteristic. On the other hand, Dufresne [13] showed that the existence of polynomial or complete intersection separating algebras imposes strong conditions on the representation. The present paper is in the latter vein. We show that, in many instances, conditions which ensure that the ring of invariants is non Cohen-Macaulay, in fact imply that no graded geometric separating algebra is Cohen-Macaulay. We thus provide a (partial) negative answer to Kemper who asked if Cohen-Macaulay separating algebras should always exist [25] . Notably, we show: Theorem 1.4. If V is faithful and modular, then there exists r ≥ 1 such that, for all k, every graded geometric separating algebra in k[V ⊕k ] G has Cohen-Macaulay defect at least k − r − 1. In particular, for k > r + 1, no graded geometric separating algebra in
An element σ of G acts as a bireflection on V if its fixed space is of codimension at most 2 in V . G which is Cohen-Macaulay, then G is generated by elements acting as bireflections. Theorem 1.5 fits well with [13, Theorem 1.3] . In the important special case of p-groups, we obtain that G is generated by bireflections from a much weaker hypothesis: the existence of a Cohen-Macaulay rather than a complete intersection graded geometric separating algebra. This mirrors the situation for invariant rings ( [22, Corollary 3.7] and [21, Theorem A]). Example 2.10 shows that not only the converse of Theorem 1.5, but also the converses of [13, Theorem 1.1 and Theorem 1.3], are not true.
In Section 2, we extend the methods introduced in [22] to prove our main results. Section 3 concentrates on the alternating group A 4 . We conclude in Section 4 with a discussion of the general situation and examples which show that the depth of graded geometric separating algebras can be both larger and smaller than that of the corresponding invariant ring.
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The Cohen-Macaulay Defect of Separating Algebras
Let A ⊆ k[V ] be a finitely generated graded subalgebra, and let A + denote its maximal homogeneous ideal. Homogeneous elements a 1 , . . . , a k in A + form a partial homogeneous system of parameters (phsop) if they generate an ideal of height k in A. If additionally k = dim A, then they form a homogeneous system of parameters (hsop). Noether's normalization theorem guarantees that a hsop always exists. If, for i = 1, . . . , k, the element a i is not a zero divisor in A/(a 1 , . . . , a i−1 )A, then the elements a 1 , . . . , a k form a regular sequence. Every regular sequence is a phsop. We say A is Cohen-Macaulay when every phsop is a regular sequence. The depth of a homogeneous ideal I ⊆ A + , written depth A (I), is the maximal length of a regular sequence in I. Note that the height of I, ht(I), is equal to the maximal length of a phsop in I. We write depth(A) := depth A (A + ), and define the Cohen-Macaulay defect of A to be cmdef(A) := dim A − depth(A). Thus, A is Cohen-Macaulay precisely when cmdef A = 0.
In Theorem 2.1, we relate the Cohen-Macaulay defect of graded geometric separating algebras to the n-th cohomology group
. For the theory of these groups for arbitrary n, we refer to [2, 29] . Since we have n = 1 in most applications of this theorem, we construct this group now.
Let W be a representation of the group G over the field k. A 1-cocycle is a map g : G → W, σ → g σ such that g στ = σg τ + g σ , for all σ, τ ∈ G. We write Z 1 (G, W ) for the additive group of all 1-cocycles. For each w ∈ W , the map given by σ → (σ − 1)w := σw − w is a 1-cocycle, which is called a 1-coboundary. The coboundaries form the subgroup
The first cohomology group of G with coefficients in W is the quotient group
We will sometimes abuse notation by using the same symbols for cocycles and cohomology classes.
The group
is a homogeneous ideal. If p > 0, the m-fold Frobenius homomorphism
. This map is a homomorphism of abelian groups, but not of k-vector spaces. We write g p m for the image of an element
. Over fields of characteristic zero, and in the non-modular case in general, the ring of invariants is always Cohen-Macaulay [20] . In particular, there will always be a Cohen-Macaulay geometric separating algebra. Accordingly, from now on we assume V is modular.
Our most general statement generalizes [22, Corollary 1.6 ] (see also [23, Proposition 6] ) to the case of separating algebras: Theorem 2.1. Let n ≥ 1 be the smallest integer such that there exists a homogeneous
G , then I := Ann A (g), the annihilation ideal of g in A, has depth at most n+ 1.
Since the case n = 1 suffices for most of our applications, we give an additional more elementary proof of the first part. Without loss of generality, we assume k = k in both arguments.
Proof of the case n = 1. By Proposition 1.2, there exists a p-power q
Suppose, for a contradiction, that depth A (I) is at least 3. Hence, there exists an A-regular sequence a 1 , a 2 , a 3 in I. 
As a 1 , a 2 is a phsop in A, it is also a phsop in its integral extension k[V ], and thus a 1 , a 2 are coprime in
Proof of the general case. For some m ≥ 0, we have (
Therefore, for each 0 < i < n, there exists some (2), . . . , m(n − 1). Assume, for a contradiction, that depth A (I) ≥ n + 2, and let a 1 , a 2 , . . . , a n+2 be an A-regular sequence in I. Consider the bar resolution of Z as a ZG-module:
. . .
where X 0 = ZG, and ∂ 0 is the augmentation map. The cohomology class g is represented by a
(the notation will become clear later). For each i, a i g = 0, so there is h {i} ∈ Hom ZG (X n−1 , k[V ]) such that a i u {1} = h {i} ∂ n . We next define, for each 2 ≤ r ≤ n + 1, and for each ordered r-subset J := {j(1), j(2), . . . , j(r)} of {1, . . . , n + 2},
. We now define u J , and thus h J , by induction on r:
Next, we show that u J ∂ n−r+2 = 0 for 2 ≤ r ≤ n + 1. For r = 2, we get
For 2 < r ≤ n + 1, we obtain similarly:
since the middle term is
G , which implies u J (ι) q ∈ A (ι ∈ G is the neutral element). Therefore, for each 1 ≤ i ≤ n + 2, we have u q {1,2,...n+2}\{i} (ι) ∈ A. The second equality in (2) is also valid for J = {1, 2, . . . , n + 2} (r = n + 2), that is,
Since a q n 1 , . . . , a q n n+1 is a phsop in A, it is also a phsop in k[V ], and so
. We next apply ∂ 1 to this expression. For n = 1, we have a
, a contradiction to g q = 0. Now assume that n ≥ 2. Applying ∂ 1 leads to
For 2 ≤ r ≤ n, we prove by reverse induction that there exist elements
The case r = n is covered by (3). Suppose u
and rearranging yields
Here we have used that X n−r is a free ZG-module. Applying ∂ n−r+1 to this expression gives us
which implies (4), as required. When r = 2, Equation (4) reads u
contradiction to g q n = 0. Therefore, depth A (I) ≤ n + 1. Finally, if c 1 , . .
Without loss of generality, we can assume that the set {λ i : i ∈ I} is F p -linearly independent and g i is nonzero for all i. Then
i , since the m-fold Frobenius homomorphism induces the identity map on F p , and thus also on H 1 (G, F p ). Therefore, as {λ 
], Theorem 2.1 implies that no graded geometric separating algebra in
The following example shows that Theorem 2.1 applies only to graded geometric separating algebras: Example 2.5. Let V be the permutation representation of the cyclic group C 4 = σ of order 4 over the field F 2 . Consider the C 4 -invariants c 1 := x 1 +x 2 +x 3 +x 4 , c 2 := x 1 x 3 +x 2 x 4 , c 3 := x 1 x 2 +x 2 x 3 +x 3 x 4 +x 1 x 4 , and c 4 := x 1 x 2 x 3 x 4 . The action of C 4 on V partitions its 16 elements into 6 orbits, which one can check are separated by c 1 , c 2 , c 3 , and c 4 . As c 1 , c 2 , c 3 , c 4 form a hsop in F 2 [V ], the subalgebra F 2 [c 1 , c 2 , c 3 , c 4 ] is a polynomial graded (non geometric) separating algebra. In particular, it is Cohen-Macaulay.
On the other hand, if g : C 4 → F 2 is the nontrivial cocycle given by Proof. Since G/N ∼ = (F p , +), there is a nonzero element in H 1 (G, k). As V is faithful, the fixed subspaces of nonidentity elements in G have codimension at least k in V ⊕k . The result follows from Lemma 2.7. 2 Lemma 2.7. Suppose V is faithful. If the fixed subspace of every element of order p in G has codimension at least k in V , then for any ho-
Therefore, if there exists a homogeneous g ∈ H n (G, k[V ]) satisfying the hypotheses of Theorem 2.1, then every graded geometric separating algebra in k[V ]
G has Cohen-Macaulay defect at least k − n − 1.
Proof. We may assume k = k. 
Next, we generalize three results of [22] . Note that since, for us, elements acting trivially are bireflections, we do not need to assume that V is faithful. G is Cohen-Macaulay.
Proof. The proof of [22, Theorem 3.6] shows that the hypotheses of Theorem 2.1 are fulfilled with n = 1 and k = 3. Proof. Without loss of generality, assume k = k. As G/N is an elementary abelian p-group, there is a g ∈ H 1 (G, k) with kernel N. The proof of [22, Theorem 3.9] provides a phsop a 1 , a 2 , a 3 in k[V ] G , and a homo- 
Example 2.10. Let k be a finite field. For m ≥ 3, set V = k 2m+1 , and consider the group G ≤ GL(V ) formed by the (2m + 1) × (2m + 1) matrices of the form   
where α 0 , . . . , α m ∈ k, and I m denotes the m × m identity matrix. The group G is a p-group, and is generated by reflections, that is, by elements whose fixed space has codimension at most 1 in V . Example 3.10 in [22] shows that the hypotheses of Proposition 2.9 are satisfied, with N the subgroup formed by the elements such that α m = 0, and σ the element such that α i = 1 for all i. Hence, no graded geometric separating algebra in k [V ] G is Cohen-Macaulay. The regular representation of C 4 was studied in Example 2.5. For G = C 2 , C 3 , and C 2 ×C 2 , the invariant ring
G is Cohen-Macaulay [22, Theorem 2.7] . Thus, these are the only groups such that there exists a Cohen-Macaulay graded geometric separating algebra in
Proof. As V is a permutation representation, there is a set of monomials
The Alternating Group A 4
In this section we concentrate on representations of the alternating group A 4 over an algebraically closed field k of characteristic 2. The group A 4 is the smallest modular group G for which the cohomology H 1 (G, k) is trivial. In order to apply Theorem 2.1, we must look outside the direct summand
, an element of order 2, and τ , a 3-cycle, so that A 4 is generated by χ and τ . The unique Sylow 2-subgroup P in A 4 is generated by χ and τ −1 χτ . Let ω be a fixed primitive third root of unity in k. Define ω k and ω 2 k to be the one-dimensional representations on which P acts trivially, and τ acts via multiplication by ω and ω 2 , respectively. Formally, 1 k denotes the trivial representation. 
By [23, section 2] , it follows that H 1 (A 4 , ω k) = 0. In particular, the cocycle given by χ → ω 2 , τ → 0 is nontrivial. Similarly, for i = 2, the cocycle in has Cohen-Macaulay defect at least k − 2.
Proof. Without loss of generality, i = 1. Since 
A 4 is non Cohen-Macaulay.
Proof. Whenever k[V ]
A 4 is non Cohen-Macaulay, the fixed space of any nonidentity element in P has codimension at least 3 in V (see the classification). Thus, by Lemma 2.7, it suffices to find g ∈ H 1 (A 4 , k[V ]) such that g 2 m is nonzero for all m ≥ 0. We use the classification to separate our argument into two cases.
First, we suppose V is of the form W s (ω e ), where s ∈ Z (s may be negative only if it is odd), and 0 ≤ e ≤ 2. The dimension of V is n := |s|. Let {v 1 , v 2 , . . . , v n } be a basis of V such that A 4 acts via the matrices given in [15, Theorem 7.0.3] . In particular, the action of A 4 is upper triangular, and τ acts diagonally via multiplication by third roots of unity.
A 4 is non Cohen-Macaulay, the subset {v 1 , v 2 , . . . , v l } is contained in V P , for some l ≥ 2. Moreover for some r ≤ l, we have τ v r = ω −j v r , where j = 1 or 2. Let {x 1 , x 2 , . . . , x n } be the dual basis,
Since v r ∈ V P , the set {x 1 , x 2 , . . . ,
, so is u · M, and by induction so is u i · M for any integer i. In particular, as 1 ∈ S 0 (V * ), we have a sequence 1 , u , u 2 , . . . of kP -direct summands. Each u i is a kA 4 -direct summand, and 
, where α, β, and γ are elements of k ∪ {∞} depending on λ. The element τ acts on V by permuting the three kP -module summands. As a kPmodule, S(V * ) ∼ = S(V 2d,α ) ⊗ S(V 2d,β ) ⊗ S(V 2d,γ ), and therefore, S(V * ) has direct summands isomorphic to S(V 2d,α ), S(V 2d,β ), and S(V 2d,γ ). These summands are permuted by the action of τ . Let {x 1 , . . . , x 6d } be a basis of V * such that the action of P is given in block form; that is, x 1 , . . . , x 2d is a basis for the summand isomorphic to V 2d,α , and so on. Define u α := σ∈P σx 1 , and u β := σ∈P σx 2d+1 , and u γ := σ∈P σx 4d+1 . By the same argument as before, for each integer i, u i α is a direct summand (with trivial P -action) of the kP -module S(V 2d,α ), and hence of the kP -module S(V * ). The analogue holds for u β and u γ . Furthermore, we have τ u 
Concluding Remarks
Our results have shown that in many of the situations in which the ring of invariants is non Cohen-Macaulay, the same holds for any graded geometric separating algebra. Hence, one might wonder if the existence of a Cohen-Macaulay graded geometric separating algebra implies that the ring of invariants itself is Cohen-Macaulay. The following example shows this is not true. By [17, Theorem 7] , the ring of invariants is not Cohen-Macaulay. In fact, [17] shows that there exists a nonzero cohomology class g ∈ 
